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Singular integral equationsa b s t r a c t
In this paper, the transient temperature fields and the dynamic stress intensity factors of a
thermo-elastic strip containing an inner crack parallel to the heated surface under thermal
shock are studied. The Biot number of the crack gap, hyperbolic heat conduction theory and
equation of motion are considered to investigate the behavior of the temperature fields
around the crack and the stress intensity factors. Fourier transform and Laplace transform
are used to reduce this mixed boundary value problem. Numerical methods are used to
solved the singular integrate equations. Finally, the numerical results are presented illus-
trating the influence of Biot number, non-Fourier effect and inertia effect on temperature
field and stress intensity factors. It is found that the Biot number strongly affect the unifor-
mity of the temperature field and the magnitude of the stress intensity factors. The stress
intensity factors have higher amplitude and an oscillating feature comparing to those
obtained under conventional Fourier thermal conduction condition and quasi-static
hypothesis, which can help to better understand the crack behaviors of advanced materials
under thermal impact loading.
 2016 Elsevier Ltd. All rights reserved.1. Introduction
Engineering thermo-mechanical structure components are widely used in server thermal loading such as extremely pow-
erful laser impact or thermal barrier coatings (TBCs) used in gas-turbine engines [1,2]. When materials function in the pres-
ence of thermal gradients and high heat flux, they are susceptible to submit delamination and fracture. Many articles have
studied the failure of such materials after suffering thermal loading [1–5]. In general, authors pay more attention on the
cracks parallel to the heating surface (we call it CPHS in short), which play a key role in the spallation failure of materials.
Most existing studies about CPHS are based on thermal expansion mismatch between the two different types of the mate-
rials or microgeometry defects of materials [2,3,6], both of which rely on the presence of interface. However, CPHS are found
not only near the interface of coating materials but also in the coatings far from the interface and non-layered materials [1,7].
There is no doubt that we need an in-depth study to find the source and magnitude of the force which leading to the CPHS.
Classical thermos-elastic stress analysis in a homogeneous body cannot provide tensile stress leading to fractures parallel
to the heating surfaces. Therefore, additional driving forces should be considered to explain this class of failures. These driv-
ing forces may include the non-Fourier thermal conduction effect [8–10] or the inertia force effect [11–13]. Moreover, the
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W. Li et al. / Engineering Fracture Mechanics 162 (2016) 309–323 311initial heterogeneities such as micro-cracks or inclusions can also develop into macro-cracks under thermal shock [2,3]. In
fact, these micro-cracks may act as heat conduction resistance and create temperature gradient around the heterogeneities,
favorable to the crack initiation and growth in the material [14–16]. However, the interaction of all these factors leads to a
very complex initial-boundary value problem and has not been thoroughly investigated in the literature so far [1].
The main objective of the present work is to perform a theoretical-numerical analysis that allows the assessment of all
these driving forces in the thermal stress induced fracture process, especially in the propagation of a CPHS. To this end, we
focus our attention on stress analysis in a cracked bi-dimensional strip under a thermal load. The Laplace and Fourier trans-
forms were used as principal theoretical tool in this analysis. First of all, for the boundary conditions, heat transfer coefficient
is introduced to the crack surfaces in order to modulate the heat transfer across the crack. A dimensionless parameter, the
Biot number is therefore introduced to describe the influence of the heat insulation of the crack. Secondly, a higher-order
time-derivative term specifying the non-Fourier effect is added to the Fourier heat conduction equation. Consequently, a
hyperbolic heat conduction equation should be resolved instead of the classical parabolic equations. Finally, for the stress
field, equations of motion are considered by introducing the inertia effect instead of the equilibrium equations. The resolu-
tion of such an initial-boundary value problem permits us to assess the role of each fracture driving force and their interac-
tion. Then the numerical results on the stress intensity factors of the crack are presented and discussed accordingly, followed
by some brief concluding remarks.
2. Statement of the problem and basic equations
We consider a thin plate under transient thermal loading which contains a straight crack of length 2r parallel to the free
surface, as shown in Fig. 1. A Cartesian coordinate system is established with the x-axis coincided with the crack plane and
the origin at the crack center. We assume that the material is homogeneous, isotropic and linearly elastic. In this work, only
thermal loading is considered in evaluating the temperature and stress fields. The initial temperature is assumed to be uni-
form and equals to T0 in the plate. Then the free surface y ¼ la is suddenly heated to a fixed temperature T1, while the free
surface y ¼ lb stays unchanged, where la and lb are strictly positive real. The heat transfer coefficients of the crack surface are
assumed to be h. Additionally, the thermal-elastic coupling is neglected in this study.
In order to assess the influence of the non-Fourier and the dynamic effect of the thermal shock, we adopt the hyperbolic
heat conduction equations in temperature field evaluation and introduce the inertia effect in stress field to the equilibrium
equations.
In the following, we present the detailed mathematical formulation for the resolution of the above-defined thermal shock
problem.
2.1. Heat conductions
The famous Fourier’s law of heat conduction presents a linear relationship between the heat flux (~qÞ through a material
and the gradient of temperature (TÞ, whose differential form is~q ¼ krT , where k is the material thermal conductivity and
r is the gradient operator. In principle, however, the Fourier’s law leads to an unphysical infinite heat propagation speed
within a continuum for transient heat conduction processes because of its parabolic characteristics. To overcome this con-
tradiction, a hyperbolic model, named the Cattaneo-Vernotte model, has been proposed by introducing a time-dependent
term into the Fourier equation [17,18]. The introduced time-derivative term describes a wave nature of heat propagation
at a finite speed, which has been proved in both theory and experiments [10,18,19]. The governing equation of non-





ð1ÞFig. 1. Model and coordinates.
312 W. Li et al. / Engineering Fracture Mechanics 162 (2016) 309–323where a ¼ kqCp stands for thermal diffusivity, t is he time, q and Cp are the mass density and the specific heat capacity, respec-
tively, r is the Laplace differential operator and s0 is the thermal relaxation time.
In 2D problems, we introduce the following dimensionless coordinates, time and temperatureX;Yð Þ ¼ x; yð Þ
r
; s ¼ at
r2
; h ¼ T  T0





ð3Þwhere s1 is the normalized thermal relaxation time defined as:s1 ¼ as0r2 ð4ÞHere the gradient operator r is related to the dimensionless coordinates X and Y.
Referring to Fig. 1, the hyperbolic heat Eq. (3) is subjected to the following boundary and initial conditions written in
dimensionless formsað Þ : h Y ¼ Lað Þ ¼ 1





Y!0þ ¼ Bi h 0
þ  h 0ð Þ  Xj j 6 1






dð Þ : hjY!0 ¼ hjY!0þ
)
Xj j > 1
eð Þ : h Y ¼ Lbð Þ ¼ 0
fð Þ : hjs¼0 ¼ 0





ð5Þwhere Bi is the Biot number, which gives a simple index of the ratio of the heat transfer resistances inside of and at the crack




ð6Þwith h being the heat transfer coefficient across the crack, which is the proportionality coefficient between the heat flux and
the thermodynamic driving force for the flow of heat. The numerator and the denominator of the right part of Eq. (6) stand
for the thermal resistance of the internal material and the thermal resistance of the crack surfaces, respectively.
2.2. Thermal-elastic field equations
In the following, we focus on attention in resolving the plane-stress thermal-elastic problem under the plane stress
hypothesisrzz ¼ sxz ¼ syz ¼ 0 ð7Þ
The basic equations of plane thermal stress problems for nonhomogeneous isotropic elastic body are:
(1) Equations of motion including the inertia effect:rij;j ¼ q€u ð8Þ
(2) Strain–displacement relations:eij ¼ 12 ui;j þ uj;i
  ð9Þ(3) Thermal-elastic stress–strain relations:rxx ¼ E1m2 exx þ meyy  1þ mð Þa T  T0ð Þ
 
ryy ¼ E1m2 mexx þ eyy  1þ mð Þa T  T0ð Þ
 
rxy ¼ E1þm exy
8><>: ð10Þ
where E, m and a are the Young modulus, the Poisson ratio and the coefficient of linear thermal expansion, respectively.
The index i; j refers to the coordinate x; y. The index i; j refers to the coordinate x; y. It is to notice that in this paper, the
italic letter ‘‘i” is used as a subscript. It should not be confounded with the regular script ‘‘i”, which stands for the
imaginary unit.
W. Li et al. / Engineering Fracture Mechanics 162 (2016) 309–323 313Besides Eq. (2), we introduce some other dimensionless quantities:rIJ ¼ 1 mð ÞrijEa T1  T0ð Þ ; u;vð Þ ¼
ux; uy
 
r 1þ mð Þa T1  T0ð Þ ð11Þwhere the index I; J refer to the dimensionless coordinate X;Y .
By introducing the dimensionless variables defined in (11) into (9) and (10), we obtain stress–strain relationships in
dimensionless form:rXX ¼ @u@X þ m @v@Y  h
rYY ¼ m @u@X þ @v@Y  h
sXY ¼ 1m2 @u@Y þ @v@X
 
8><>: ð12ÞThe equations of motion become:@rXX





































where s2 ¼ aVr with V ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E 1mð Þ
q 1þmð Þ 12mð Þ
q
being the stress wave velocity.
The dimensionless parameter s2, which we named ‘‘inertia factor”, plays an important role in describing the dynamic
behavior of a cracked solid under thermal loading. The physical implication of this parameter in stress concentration near
the crack tips will be discussed afterward in this paper.
In the present problem, the mechanical boundary conditions can be expressed as follows:að Þ : sXY X;Lað Þ ¼ rYY X;Lað Þ ¼ 0
bð Þ : sXY X; Lbð Þ ¼ rYY X; Lbð Þ ¼ 0
cð Þ : sXY X;0ð Þ ¼ rYY X;0ð Þ ¼ 0 Xj j < 1
dð Þ : sXY X;0þ
  ¼ sXY X; 0ð Þ
eð Þ : rYY X;0þ
  ¼ rYY X; 0ð Þ
fð Þ : u X;0ð Þ ¼ u X; 0þ 
gð Þ : v X;0ð Þ ¼ v X;0þ 
9>>=>>; Xj j P 1
8>>>>>>><>>>>>>>:
ð15Þ3. Temperature field
In the following, we present the resolution procedure of the above-defined thermal-elastic equations. The analytical–nu-
merical methods used in [20,21] are essentially followed in this work. Globally speaking, the Laplace and the Fourier trans-
form techniques are used in resolving the problem [22]. Science the inertia effect is introduced in the equilibrium equations,
the resolution procedure becomes more complex. Special resolution techniques are developed in this paper.
The temperature field in the cracked plate can be obtained by solving the governing Eq. (3) under initial and boundary
conditions (5). Applying the Laplace transform to (3) and (5) leads to:r2h ¼ pþ s1p2
 
h ð16Þ
andað Þ : h X;Lað Þ ¼ 1p
bð Þ : h X; Lbð Þ ¼ 0




@Y ¼ Bi h X;0þ
  h X;0ð Þ  Xj j < 1
dð Þ : h X;0þ;p  ¼ h X;0;pð Þ









Xj j > 1
8>>>><>>>>>:
ð17Þwhere h X;Y ; pð Þ ¼ R10 h X;Y ; sð Þepsds is the Laplace transform of dimensionless temperature.
The general solution of (16) can be solved by using Fourier transform method. Temperature in Laplace–Fourier space can
be written as:
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mY þ D2 nð ÞemY La < Y < 0




n2 þ pþ s1p2
q
and ~h n;Y ; pð Þ ¼ R11 h X;Y ; pð Þeinxdx; Di nð Þ i ¼ 1; . . . ;4ð Þ are unknown parameters to be determined.










ð19ÞIt is clear that from the boundary condition (cÞ in (17), we have:Z 1
1
/ Xð ÞdX ¼ 0 ð20Þand/ Xð Þ ¼ 0; Xj j > 1 ð21Þ






iemy 1þe2Lbmð Þ 1e2m LaþYð Þð Þ
1þe2 LaþLbð Þmð Þn





iemy 1þe2Lamð Þ e2Lbme2mYð Þ
1þe2 LaþLbð Þmð Þn
~/ cos nXð Þdnþ em0 Laþ2LbYð Þem0 LaþYð Þ1þe2 LaþLbð Þm0ð Þp 0 < Y < Lb






Substituting (22) into (cÞ in (17), we get the singular integral equation for / Xð Þ as follows:Z 1
1
/ gð Þ 1




Lam0 1þ e2Lbm0 









1þ e2 LaþLbð Þmð Þn
" #
sin n X  gð Þdn ð24ÞThe integral Eq. (23) under the singles-value condition (20) has the following form of solution [23]/ Xð Þ ¼ U Xð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 X2
p ð25Þ
where U Xð Þ is bounded and continuous on the interval 1; 1½ . Following the numerical techniques proposed by [23], Eqs.






















j ¼ 1;2; . . . ;n ð27ÞandXi ¼ cos ipn
 
i ¼ 1;2; . . . ; n 1 ð28ÞOnce the function U Xð Þ is obtained, the temperature fields in p-plane can be calculated by using Eqs. (22) and applying
the Chebyshev quadrature for integration.
Temperature in time domain can be given by applying the inverse Laplace transform, as detailed in [20].
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Once the temperature field in Laplace space is found, it is introduced to the equations of motion (14) to determine the
displacement and stress fields. To this end, we first write the equations of motion (14) and the boundary conditions (15)
in Laplace space by means of the Laplace transform. Then the Fourier transform with respect to X coordinate is applied to
these equations such that a non-linear ordinary differential equation system in Y-coordinate can be obtained in Fourier–
Laplace space. These differential equations are resolved by using appropriate numerical methods. Inverse Fourier transform
then inverse Laplace transform of these solutions provide the displacement and stress fields with which some important
measures such as the dynamic stress intensity factors at the crack tips, the crack opening distance etc. can be obtained.
4.1. Integral transformation

























að Þ : sXY X;Lað Þ ¼ rYY X;lð Þ ¼ 0
bð Þ : sXY X; Lbð Þ ¼ rYY X; Lbð Þ ¼ 0
cð Þ : sXY X;0ð Þ ¼ rYY X;0ð Þ ¼ 0 Xj j < 1
dð Þ : sXY X;0þ
  ¼ sXY X; 0ð Þ
eð Þ : rYY X;0þ
  ¼ rYY X; 0ð Þ
fð Þ : u X;0þ  ¼ u X;0ð Þ
gð Þ : v X;0þ  ¼ v X;0ð Þ
9>>=>>>; Xj j P 1
8>>>>>><>>>>>>>:
ð30Þwhere u; vð Þ ¼ R10 u;vð Þepsds and rIJ ¼ R10 rIJepsds are the Laplace transform of the displacement components and stress
components, respectively.
Then applying the Fourier transform to Eqs. (29) and (30) givesd2~u
dY2
þ b1 d~vdY þ b2~u ¼ b3~h
d2 ~v
dY2




að Þ : gsXY Lað Þ ¼ grYY Lað Þ ¼ 0
bð Þ : gsXY Lbð Þ ¼ grYY Lbð Þ ¼ 0
cð Þ : sXY 0ð Þ ¼ rXY 0ð Þ ¼ 0 Xj j 6 1
dð Þ : gsXY 0þ  ¼ gsXY 0ð Þ
eð Þ : grYY 0þ  ¼ grYY 0ð Þ
fð Þ : ~u 0þ  ¼ ~u 0ð Þ
gð Þ : ~v 0þ  ¼ ~v 0ð Þ
9>>>=>>>;
Xj j > 1
8>>>>>>>><>>>>>>>:
ð32Þ
frX ¼ in~uþ m d~vdY  ~hfrY ¼ inm~uþ d~vdY  ~hgsXY ¼ 1m2 d~udY  in~v 
8>><>>: ð33Þwhere ~u and ~v are the Fourier transform of ux and uy respectively and bi (i = 1, 2, 3, 4, 5) are given by:b1 ¼  1þm1m in





b3 ¼  2in1m
b4 ¼  1þm2 in
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By considering the boundary conditions (c), (d) in (32) and the temperature fields, the solution of Eqs. (31), i.e., the dis-
placement field in Laplace–Fourier space can be expressed as:~u n;Yð Þ ¼ P4i¼1Ci nð ÞekiY þx1emY þx2emY
~v n;Yð Þ ¼
X4
i¼1
BiCi nð ÞekiY þx3emY þx4emY
8>><>:  La < Y < 0
~u n;Yð Þ ¼
X6
i¼5
Ci nð ÞekiY þx5emY þx6emY
~v n;Yð Þ ¼
X6
i¼5
BiCi nð ÞekiY þx7emY þx8emY
8>><>>>: 0 < Y < Lb
8>>>>>>><>>>>>>>:
ð35Þwhere Ci(n) (i = 1, . . ., 6) are unknown functions to be determined. The expressions of the coefficients xiði ¼ 1; . . . ;8Þ are
given in Eq. (A1). Substituting Eq. (35) into Eq. (31) results in the following equations:b1kjBj þ k2j þ b2 ¼ 0
k2j þ b5
 
Bj þ b4kj ¼ 0
8<: ð36Þ
so ki (i = 1, . . ., 4) can be given by the roots of the following equation:k4 þ b2 þ b5  b1b4ð Þk2 þ b2b5 ¼ 0 ð37Þ
and the coefficients kj j ¼ 5;6;7;8ð Þ are given by:kj ¼ kj4 j ¼ 5;6;7;8ð Þ ð38Þ
Straightforwardly, the coefficients Bj (j = 1, 2, . . ., 8) are given by:Bj ¼ 
k2j þ b2
b1kj
ð39ÞBy substituting the displacement field (35) and temperature field (18) into (33), the stress can be obtained as following:frX ¼ Xi0þ3
i¼i0
Bikim inð ÞCiekiy  in x1emy þx2emyð Þ þ m mx3emy þmx4emyð Þ




Biki  inmð ÞCiekiy  imn x1emy þx2emyð Þ mx3emy þmx4emy
 Di1emy þ Di1þ1emy
 
gsXY ¼ 1m2 Xi0þ3
i¼i0
ki  inBið ÞCiekiy mx1emy þmx2emy  in x3emy þx4emyð Þ
" #
8>>>>>>>>><>>>>>>>>>:
ð40Þwhere i0 ¼ 1, i1 ¼ 1 for La < Y < 0 and i0 ¼ 5, i1 ¼ 3 for 0 < Y < Lb.
4.3. Integral equations
We now introduce two dislocation functions f i Xð Þ i ¼ 1;2ð Þ along the crack line which can be written as follows:
f 1 Xð Þ ¼ @ uh i@X
f 2 Xð Þ ¼ @ vh i@X
(
ð41Þwhere uh i and vh i denote the jumps of displacements across the crack lips y = 0 in Laplace space:
uh i ¼ u X;0þ  u X; 0ð Þ
vh i ¼ v X;0þ  v X;0ð Þ
(
ð42ÞFrom the conditions (30), we know that f i Xð Þ i ¼ 1;2ð Þ also satisfy the single-value conditions:
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1
f i Xð ÞdX ¼ 0 i ¼ 1;2ð Þ ð43Þandf i Xð Þ ¼ 0 i ¼ 1;2ð Þ Xj j P 1 ð44Þ
Physically, Eq. (44) means that the displacements are single-valued for the uncracked portion along y = 0. By applying the
Fourier transforms to Eq. (41), we obtain:ef 1 nð Þ ¼ in ~u 0þ  ~u 0ð Þ ef 2 nð Þ ¼ in ~v 0þ  ~v 0ð Þ 
8<: ð45Þwhere by definition and from (43), ef 1 and ef 2 are given by:




f i  einXdX
 




ef 1 þ 1inA1i;8 ef 2 i ¼ 1;2; . . . ;8 ð47Þ
where the terms in matrix Ai;j and cj are given in Eqs. (A2) and (A3), respectively.
By substituting (35) into the boundary conditions (c) in (32) and by applying the relationships in (33), it can be shown




f j gð ÞKi;j X;gð Þdg ¼ Wi i ¼ 1;2; j ¼ 1;2ð Þ ð48Þwhere Ki;j and Wi (i = 1, 2; j = 1, 2) are given in Eq. (A4).
The solution of the integral equations of f i xð Þ i ¼ 1;2ð Þ can be expressed in the following form:f i Xð Þ ¼
Fi Xð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 X2
p i ¼ 1;2ð Þ ð49Þ





















k¼1AkF1 gið Þ ¼ 0Pn
k¼1AkF2 gið Þ ¼ 0
8>>>>>><>>>>>:
ð50Þwheregk ¼ cos i1ð Þpn1 ; k ¼ 1;2; . . . ;n;
Xj ¼ cos 2j1ð Þp2 n1ð Þ ; j ¼ 1;2; . . . ;n 1;
A1 ¼ An ¼ p2 n1ð Þ ;
Ak ¼ pn1 ; k ¼ 2;3; . . . ;n 1:
8>>><>>>:
ð51ÞThe functions F1 and F2 at the crack line can be given by resolving F1 and F2 from (50) and performing the inverse Laplace
transform. The dynamic stress intensity factors KI pð Þ and KII pð Þ are defined as [27]KI tð Þ ¼ L1  1m
2ð Þ ffiffipp
8 F2 1;pð Þ
	 





4 F1 1;pð Þ
h i
8><>: ð52Þwhere the operator L1½  denotes the inverse Laplace transform
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The coupled effect of the non-Fourier heat conduction and the inertia forces provides complex stress fields near the crack
tips, which depend additionally on the crack position with respect to the boundary of the strip. The influence of both these
factors on the principal crack stress concentration characterized mainly by the stress intensity factors (SIFs) and by the crack
opening distances (CODs) will be evaluated and discussed in the following sections.5.1. Temperature field
In the analysis of temperature fields and stresses intensity factors, the dimensionless position of the crack in the strip are
fixed to be La= 1 and Lb= 2. The temperature field can be obtained consecutively. The temperatures in different conditions are
depicted in Figs. 2–5.
Fig. 2 shows the influence of the Biot number and the non-Fourier effect on the temperature field. In Fig. 2(a)–(d), thermal
relaxation time s1 is set to be 0, 0.2, 0.4 and 0.6, respectively.
When Bi = 0, as shown in Fig. 2(a), the temperature field corresponding to the case of perfectly insulate crack surfaces, at
which condition the temperature differences of the crack surfaces are maximum. When Bi = Infinite, as shown in Fig. 2(d),
the temperature curves of the upper and lower crack surfaces overlap. In the last case, the temperature field degenerates
to that of a strip without crack.
The curves in Fig. 2 show also the influence of the non-Fourier parameter s1 on the temperature field. The red curves
denote s1=0, which represents the condition of the Fourier thermal conduction. As the increase of s1, some wave properties
appear in the temperature evolution. The peak values of the temperature increase as s1 increases. Particularly when s1 > 0,
the maximum normalized temperature could higher than 1 and the minimum normalized temperature could lower than 0,
which is a characteristic phenomenon of the non-Fourier heat conduction. These curves converge to those obtained with the
condition of Fourier thermal conduction. The bigger the value of s1 is, the slower the curve convergence will be.
Fig. 3 shows the Maximum temperature differences between the midpoints of crack surfaces versus s1 for different Biot
number. The increasing of the Biot number would improve the thermal conductivity of the crack gap, which would decrease
the temperature differences between the crack surfaces. Whereas the non-Fourier effect increases the peak value of the tem-
perature, especially for the crack surface close to the heating boundary, as shown in Fig. 2, so the maximum temperature
difference increasing with s1.Fig. 2. Temperature evolution at the midpoints of the crack surfaces for different s1 when (a) Bi = 0, (b) Bi = 0.2, (c) Bi = 1 and (d) Bi = Infinity.
Fig. 3. Temperature differences between the midpoints of the crack surfaces versus s1 for different Biot number.
Fig. 4. Normalized stress intensity factors (a) for KI and (b) for KII for versus dimensionless time for different s1 when s2 ¼ 0.
W. Li et al. / Engineering Fracture Mechanics 162 (2016) 309–323 3195.2. Stress intensity factors (SIFs)
In this work, the Poisson’s ratio is set to be 0.3 for all computations which is close to those of most of the brittle or quasi-
brittle materials used in engineering applications.
The dynamic stress intensity factors KI and KII can be evaluated from (52) once we obtain the solutions of the algebraic
Eqs. (50) and perform the numerical inverse of Laplace transform. Their normalized values KI ;K

II
  ¼ KI ;KIIð Þ 1mð ÞEa T1T0ð Þ ffirp are pre-
sented in Figs. 4–7.
Fig. 5. Normalized stress intensity factors (SIFs) versus dimensionless time for different s2 when s1 ¼ 0.
Fig. 6. Variation of SIFs versus dimensionless time for different Biot number when s1 ¼ s2 ¼ 0.
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lutions of the SIFs under classical quasi-static condition by taking the non-Fourier thermal conduction effect into account, i.e.
s2 = 0 and s1 – 0.
In this case, the model is identical to the theory developed by Hu and Chen [22] except the thermal shock boundary con-
ditions. In their article both the upper and lower surfaces of the infinite strip suffer from the thermal shock loading with the
dimensionless temperature differences to be 2 and 1, respectively. We remark that the trend of the temperature field and
SIFs shown in Figs. 2 and 4 exhibit an oscillating feature and agree well with the results reported in the literature [8,22,28].
The influence of the thermal inertia factor s2 on the normalized dynamic SIFs is depicted in Fig. 5 by neglecting the non-
Fourier effect, i.e. by fixing s1 ¼ 0. From this figure, we can clearly observe the influence of this parameter on the dynamic
Fig. 7. Variation of maximum SIFs versus s2 for different s1 when Biot number is set to be 0.
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
II in the range of s2 2 0; 0:3½ . Secondly, as expected, the ampli-
tudes of the SIFs increase with s2. Moreover, similar to the case when s1 > 0, the time evolution of the SIFs presents an oscil-
lating features when s2 is large. It is to notice that the dynamic SIF KI can be positive or negative when s2 > 0. This anomaly
comes from the fact that the crack lip contact under compression is not taken into account in this study.
Fig. 6 shows the effect of the Biot number on the dynamic SIFs in the case of Fourier heat conduction (s1 ¼ 0) and quasi-
static thermal stress (s2 ¼ 0). It is clear that both the KI and KII have the peak value when the crack gap is heat insulating. As
the growing of the Biot number, the temperature difference between the crack surfaces decreases, as shown in Fig. 2. Con-
sequently, the absolute values of SIFs gradually decrease and finally approach to zero when the Biot number tends to infinity.
In practice, the peak values of the dynamic SIFs during the time evaluation are most significant in predicting the crack
growth. The peak values of KI evaluated for different s1 and s2 are plotted in Fig. 7, in which the Biot number is set to be
0. Overall, the maximum absolute value increase with s1 and s2. The non-Fourier effect has bigger impact to KII while the
inertial effect affects more on KI. In particular, the maximum KI increases more than 10 times as s2 grows from 0 to 0.3.
In most engineering problems the length of engineering cracks is considered to be larger than 1 mm. In this condition the
value of s2 is normally less than 0.01 and the magnitude of s2 is small enough to be ignored. However, according to the def-
inition of s2, its value will be greatly increased as the decreasing of the crack length. For example, the s2 value of gold will
reach up to 0.115 when the crack length is 1 lm. In fact, the micro-cracks smaller than 1 lm do exist in some coating mate-
rials. [29,30], the inertia effect should be considered and will play an important role in the thermal shock damage process.6. Conclusions
In this paper, the insulation of the crack gap, the non-Fourier heat conduction condition and the inertia effect are consid-
ered to investigate the transient thermal stress problem of an insulated crack parallel to the boundary of a thermal-elastic
plate under thermal shock loading. The mixed boundary value problem is formulated in terms of Laplace and Fourier trans-
forms techniques. The established singular integral equations are solved by using the Gauss integrate method. Temperature
and dynamic stress intensity factors in the time domain are obtained by using numerical inverse Laplace transform. The
Temperature field and dynamic stress intensity factors are evaluated for different values of parameters Bi, s1 and s2.
The magnitude of Biot number of the crack gaps has great influence for both the temperature field and stress intensity
factors. The numerical results reveal that the influence of the crack to the temperature and stress field can be neglect when
Bi > 100. In other words, the increasing of Biot number would increase the resistance of cracks growth. This result might be
useful in designing new materials.
The magnitude of thermal relaxation time and the strength of non-Fourier effect have been investigated by many authors.
General speaking, the non-Fourier effect is unneglectable in some non-homogeneous materials [17] and biological materials,
such as human tissue [31].
The inertia effect is negligible when the crack length is in millimeter scale or larger. However, when the scale of interest is
small to micron scale, the inertia effect will play an important role in the thermal shock damage of materials.Acknowledgements
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2Lbmð Þ~/pþ2ineðLaþ2LbÞmd nð Þ
2p 1e2ðLaþLbÞmð Þ m2n2p2s22ð Þ
x2 ¼ eLam ½ð1þe2LbmÞeLamp
~/2indðnÞ
2pð1e2ðLaþLbÞmÞðm2n2p2s22Þ
x3 ¼ im 1þe
2Lbmð Þp~/2ineðLaþ2LbÞmd nð Þ½ 
2pn 1e2ðLaþLbÞmð Þ m2n2p2s22ð Þ
x4 ¼ ie
Lamm 1þe2Lbmð ÞeLam ~/p2ind nð Þ½ 
2pn 1e2ðLaþLbÞmð Þ m2n2p2s22ð Þ
x5 ¼ e
2Lbm  1þe2Lamð Þp~/þ2ineLamd nð Þ½ 
2p 1e2ðLaþLbÞmð Þ m2n2p2s22ð Þ
x6 ¼ 1þe
2Lamð Þ~/p2ineLamd nð Þ
2p 1e2ðLaþLbÞmð Þ m2n2p2s22ð Þ
x7 ¼ ie
2Lbmm 1þe2Lamð Þ~/p2ineLamd nð Þ½ 
2pn 1e2ðLaþLbÞmð Þ m2n2p2s22ð Þ
x8 ¼ im 1þe
2Lamð Þ~/p2ineLamd nð Þ½ 
2pn 1e2ðLaþLbÞmð Þ m2n2p2s22ð Þ
8>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>:
ðA1Þwhere d nð Þ ¼ 1; n ¼ 00; n– 0

.
A1;j ¼ inmþ Bjkj
 
ekjLa j ¼ 1;2;3;4
0 j ¼ 5;6;7;8
(
A2j ¼ inBj þ kj
 
ekjLa j ¼ 1;2;3;4
0 j ¼ 5;6;7;8
(
A3;j ¼
inmþ Bjkj j ¼ 1;2;3;4
inm Bjkj j ¼ 5;6;7;8

A4;j ¼
inBj þ kj j ¼ 1;2;3;4
inBj  kj j ¼ 5;6;7;8

A5;j ¼
0 j ¼ 1;2;3;4
inmþ Bjkj
 
ekjLb j ¼ 5;6;7;8
(
A6;j ¼
0 j ¼ 1;2;3;4
inBj þ kj j ¼ 5;6;7;8

A7;j ¼
1 j ¼ 1;2;3;4
1 j ¼ 5;6;7;8

A8;j ¼
Bi j ¼ 1;2;3;4








 2m p e
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1þe2 LaþLbð Þmð Þp m2þn2þp2s22ð Þ
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